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ABSTRACT: A nearest-neighbor Ising model based on the empirical conformational energies of two successive
residues has been derived for polypeptide chains in the “random-coil” state and used to compute contour
maps that represent the free energy of the entire (constrained) denatured molecule as a function of the backbone
dihedral angles (¢, ¥,) of each individual residue (having averaged over the conformations of all other residues).
The positions of minimum free energy in each contour map indicate the most likely conformations for the
backbone of each residue (and hence of the whole molecule) in the denatured state. The results may then
be compared to the backbone dihedral angles of the native structure of the protein. For a specific protein
(bovine pancreatic trypsin inhibitor) this comparison indicates that the results of the Ising model agree with
the experimental dihedral angles of the native protein with an accuracy (41-29%) as good as that of the best
prediction methods in the literature (46-29%), when the latter are recast in a form to yield predicted values
of (¢;, ¥) for each residue. When the residues in helical and bend regions are omitted, so as to provide a
proper test of this nearest-neighbor interaction model, the backbone dihedral angles of the remaining residues
of the denatured protein agree with those of the native structure with a much higher degree of accuracy (60-43%)
than that obtained with any other (prediction) method in the literature (47-30%). The major advantages
of the model are that it is independent of X-ray crystallographic data on proteins and that, unlike any other
method, it describes the conformational space of the protein in terms of continuous values of the backbone
dihedral angles (¢;, ¥;); it also provides information about the heretofore ambiguous “coil region”. Analysis
of the results reveals that certain sections of the amino acid sequence of a protein are well represented by
this model and, as a consequence, interactions in such sections must be predominantly short range. (An
assessment of the relative importance of side-chain to side-chain, side-chain to backbone, and backbone to
backbone contributions to the nearest-neighbor short-range interactions is provided.) Other sections of the
chain involve strong interactions along the chain (e.g., those that promote helix formation) and are by their
nature beyond the scope of a nearest-neighbor model. The implications of this model for protein folding are
discussed briefly. Also, a formal matrix representation of the theory is presented for application to the amino
acid sequence of any protein. Finally, the nearest-neighbor Ising model can serve as the basis of an efficient
Monte Carlo calculation for Ising models with short- and medium-range interactions and can be extended
systematically until the entire conformational energy of the protein is accounted for, thereby avoiding the
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multiple-minima problem.

I. Introduction

In attempting to deduce the unique three-dimensional
structure of a native protein from its amino acid sequence,
one encounters the multiple-minima problem if one min-
imizes the empirical conformational energy or a paucity
of experimental protein crystallographic data if one applies
a statistical analysis that correlates the conformational
behavior of different types of amino acid residues in dif-
ferent positions of the chain.? Thus, the initial stages of
a protein-folding algorithm need to make use of an ap-
proximation based on the observation® that short-range
interactions dominate and hence proceed by initially
neglecting medium- and long-range interactions.> Such an
assumption is the basis of various statistical prediction
procedures®4 and of those empirical conformational en-
ergy calculations!® 8 that have made use of the information
obtained from terminally blocked residues,!® i.e., the N-
acetyl-N’-methylamides of single amino acid residues.

There are several different definitions of short- and
long-range interactions in use.3+?0 We shall use the one?®
in which interactions between all atoms in the structural
unit composed of the backbone and side chain of a given
residue and the two adjacent amide groups are termed
“intraresidue” interactions; those between a given residue
and others within four residues in each direction along the
sequence are “short-range” interactions, those involving
a given residue and residues 5-20 along the sequence are
“medium-range” interactions, and those involving residues
further removed in the sequence are “long-range” inter-
actions. As defined here, short-range interactions will
stabilize 8 bends and «-helical sequences, and possibly
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extended structures. Short-range interactions will domi-
nate in “random-coil” structures, including that of a de-
natured protein. Medium- and long-range interactions will
give the native structure a lower conformational energy
compared to that of the denatured protein. Since the
short-range interactions are expected to dominate in both
the native and denatured states* (though their relative
contribution to the total energy of the native structure will
probably be slightly less than in the denatured structure),
the lowest energy conformation in the ensemble of
“random-coil” structures will be close to the native
structure. Such a premise is consistent with much of the
experimental results found for protein folding, 321,22

An important question is how detailed the model for
short-range interactions must be in order to be useful, i.e.,
how many neighbors must be considered in order to predict
the conformational state of a given residue.l” For example,
a helices derive some stability from interactions between
residues i and i + 4. A model that would treat such in-
teractions in a direct manner is, unfortunately, quite
complicated. The following questions then arise: Can a
useful model for predicting the conformational states of
a protein be derived from triplets of residues, or pairs, or
even single residues? How important are the degrees of
freedom of the side chains? Do they have a strong influ-
ence on the conformation of the backbone, and are their
conformations correlated from one residue to the next?

This paper deals with these questions. The 58-residue
amino acid sequence of bovine pancreatic trypsin inhibitor
(BPTY) is represented by an Ising model for the interac-
tions between nearest neighbors in the amino acid se-
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Figure 1. Fragment to which intraresidue interactions apply for
computation of E; for (a) nonproline and (b) proline residues.

quence; i.e.,, medium- and long-range (and some short-
range) interactions are neglected. Thus, the results derived
here would be expected to pertain only to those sections
of a protein that are stabilized by short-range interactions
between nearest neighbors and not by hydrogen bonds or
other strong interactions that span several residues, such
as those occurring in « helices or 8 bends. Hence, the
applicability of the model should, and will, be tested by
examining how well it reproduces the experimental back-
bone dihedral angles of those residues of BPTI that do not
occur in « helices or 8 bends.

This model then corresponds to the “random-coil” or
denatured state. It will be seen, however, that the results
for the nearest-neighbor Ising model treatment of the
denatured protein show a strong similarity to the native
structure (of BPTI) in the nonhelical and nonbend regions;
i.e., the Ising model treatment of the denatured protein
appears to be applicable to these regions of the native
molecule. Hence, their conformations in the native and
denatured states must be similar.

The model derived here differs substantially from any
previous short-range prediction algorithm for proteins®™4
in that conformations are not described in terms of large
general regions such as helix, coil, extended, etc. but are
actually assigned specific values of the backbone dihedral
angles (the procedure of Wu and Kabat,® in which back-
bone dihedral angles are predicted, is applicable only to
families of homologous protein sequences). Further, the
treatment is a rigorous statistical thermodynamic de-
scription of a model protein containing only nearest-
neighbor short-range interactions and is solvable exactly.
Since use is made of empirical conformational energies,
computed with the program ECEPP?® (Empirical Confor-
mational Energy Program for Peptides), no parameteri-
zation from experimental protein crystallographic data is
required, and the associated problem of the paucity of such
data is avoided.

The present study presents an alternative to an earlier
one'® that was based on conditional probabilities derived
from experimental protein crystallographic data. This
earlier study!® also used a nearest-neighbor Ising model
but employed a small discrete number of conformational
states that were defined by rather large regions of the (¢,
¥) conformational space; in contrast, a continuous range
of values of (¢, ¥) is considered here. Also, the earlier
study'® suffered from the paucity of crystallographic data
needed for its parameterization and required the use of
ad hoc prediction rules.

II. The Model

The intraresidue interactions arise within the structural
units shown in Figure 1, a and b, for nonproline and proline
residues, respectively. The energy of such a unit is rep-
resented by E; (eq A-1 of Appendix A). Interactions be-
tween neighboring residues arise within the unit depicted
in Figure 2, a and b, for residue ¢ + 1 being a nonproline
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Figure 2. Portion of polypeptide chain for calculation of in-
terresidue interaction energy, E;;,;, when residue i + 1is (a) a
nonproline and (b) a proline residue. The dashed lines enclose
blocks a and b between which the interaction energies are com-
puted. It should be noted that H; is missing in block a and Oy,
in block b because interblock interactions involving these atoms
are of longer range than the nearest-neighbor ones included in
the present model. As is usual, (1-3)-type interactions are omitted.

or a proline residue, respectively. The interaction energy
between residues i and i + 1 is represented by E; 4, (eq
A-2 of Appendix A). By choosing the structural units as
in Figures 1 and 2, E; and E;;,, each become functions of
exactly two backbone dihedral angles and depend only on
the type of residue or residue pair, respectively.

Inclusion of any longer range interactions than those
shown in Figures 1 and 2 would result in a much larger and
more complicated matrix representation, a model that
would not yield to present-day computational efforts. The
restriction to those interactions shown in Figures 1 and
2 does represent an approximation to the energy of in-
teraction between neighboring residues. In particular, the
dipole-dipole interactions of neighboring peptide groups
are incomplete because of the omission of the atoms Hy,
and O;,; in Figure 2. However, in the context of the
nearest-neighbor Ising model, this is a valid approximation
and, in fact, is a good one. The effectiveness of this ap-
proximation was studied in preliminary calculations on
terminally blocked alanine. The conformational energies
for high-probability residue conformations have a nearly
constant contribution from the omitted interactions be-
tween the Hy, (or the O,4;) atom and the atoms in the
neighboring residue. These interactions can thus be ne-
glected in the present model, since only relative energies
are required. Despite the neglect of these interactions (and
also the hydrogen bond between O, ; and H;4,, which is
a next-nearest-neighbor interaction) the remaining inter-
actions are sufficient to lead to the C;* conformation for
many of the residues. While the residues could have been
redefined to include this hydrogen bond, this alternative
definition would not have allowed us to treat the proline
residue by such a simple model (because proline influences
the conformation of the previous residue). The influence
of the approximation of Figure 2 on the results will be
discussed further in section IV,

The mathematical theory for evaluating the partition
function for a specific-sequence polypeptide chain with
nearest-neighbor interactions (Ising model) and for com-
puting the probability distribution P(¢;, ¥;) for residue i
to have backbone dihedral angles (¢;, ¥;) is given in Ap-
pendix A. A simple matrix representation of the partition
function employing a self-consistent effective potential
approximation for P{¢;, ¥;) is given in Appendix B.

Specifically, the value of P;(¢;, ¥;) is given by eq A-9 of
Appendix A, where Fi(¢;, %;) and G({, ;) are given by eq
A-7 and A-8, respectively. These quantities pertain to the
ith residue, having averaged over the properties of residues
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1,2,..,i—1 to obtain F;(¢;, X;) and over residues N, N -
1, ..., i + 1 to obtain G,(¥;, X,); i.e., eq A-7 and A-8 are
recursion formulas. Thus, one has to compute E; and E;
for every reside and residue pair, respectively; then, Fy, Fs,
.., Fy and Gy, Gy, ..., G1 are evaluated in the order of
the amino acid sequence of the protein under investigation.

In this paper, this procedure is carried out with the
side-chain dihedral angles held fixed, in order to test the
theory with a minimum expenditure of computer time. In
one calculation, the side-chain dihedral angles are preset
to the values of the native protein; this represents the most
favorable test of the model and must yield good results if
the nearest-neighbor interactions are the most important.
In a second, separate, calculation, the side-chain dihedral
angles are deliberately preset to values different from those
of the native structure. This represents the most difficult
test of the model; also, it will provide an indication of the
importance of the side-chain conformations. If the Ising
model yields good information about the protein structure
with a poor choice of side-chain dihedral angles, then it
can be expected to be even more useful when the side-chain
dihedral angles are accounted for properly.

On the other hand, if we were to average over the
side-chain conformations, then, instead of simply testing
the theory, we could use the Ising model to predict the
most probable random-coil conformation from protein-
sequence data; this could then be used as a starting point
for the determination of the native structure of the protein.
For this purpose, we introduce an approximation which
averages over the side-chain dihedral angle in E; and E;
(Appendix B), thereby enabling P,(¢;, ;) to be obtained
by simple matrix multiplication, using eq B-31. Each
matrix depends only on the type of dimer to which the
matrix applies, and the amino acid sequence gives the
correct order of matrix multiplication. Though not used
in this paper (which focuses only on the aforementioned
test of the theory), the matrix treatment of Appendix B
is a general solution to the problem. It allows one to define
a matrix for each of the 400 possible dimer pairs, and this
matrix has to be evaluated only once. Thus, any protein
sequence can be treated easily. Since the present test
treats only a single side-chain conformation for each res-
idue, thereby avoiding the variation of E; and E; 4, with
side-chain dihedral angles, it is not necessary to use the
approximation of Appendix B here.

With either method (i.e., with or without the approxi-
mation of Appendix B), the most probable values of (¢;,
¥;) for each residue are those that correspond to the
maximum value of each Pi(¢;, ¥;). Equation A-9 or B-31
can be used to produce a contour map of Pi(¢;, ¥;), and the
maximum value of P;(¢;, ;) for each residue can be ob-
served. The most probable conformation of the chain is
then considered to be the one with all residues in their
most probable individual conformations.

ITI. Details of Calculation

Four different (and unrelated) levels of short-range ap-
proximations were used to obtain the backbone dihedral
angles of native BPTIL. These four levels of approximation
are the following:

(1) The dihedral angles of all of the side chains were
fixed at the values observed experimentally for BPTI?4 26
but fitted to ECEPP geometries,?® and a nearest-neighbor
Ising model calculation (based on dipeptide interactions)
was carried out.

(2) The dihedral angles of all of the side chains were
fixed at the values found by Zimmerman et al.!® for the
lowest energy conformation of each type of residue with
N-acetyl- and N-methylamide terminal blocking groups,
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and a nearest-neighbor Ising model calculation (based on
dipeptide interactions) was carried out.

(3) Without performing any calculations, the backbone
dihedral angles were simply assigned (independently for
each residue) the values for the lowest energy conformation
(global minimum) of each type of residue, with terminal
blocking groups, as determined by Zimmerman et al.’®

(4) Without performing any calculations, the backbone
dihedral angles were simply assigned (independently for
each residue) the values for the most probable local energy
minimum of each type of residue, with terminal blocking
groups,'® for which all side-chain dihedral angles were
within £30° of the ECEPP-fitted native conformation.?+2®

Approximations 1 and 2 are nearest-neighbor Ising
models based on dipeptide interactions, while approxi-
mations 3 and 4 are based on a single-residue model and
contain no correlation between the neighboring residues.
This single-residue model is introduced to provide a basis
for measuring the improvement that the nearest-neighbor
Ising model provides over calculations on terminally
blocked single residues. The side-chain dihedral angles
in approximations 1 and 4 were very different from those
in approximations 2 and 3; for 35 out of 42 residues (ex-
cluding Gly, Ala, and Pro), the differences corresponded
to different rotational isomeric minima, i.e., differences in
side-chain dihedral angles of up to 120°,

Approximations 1 and 2 enable us to assess the influence
of the conformation of the side chain on that of the
backbone. A proper evaluation of the partition function
would have included an averaging over all conformations
of each side chain. This would have required the com-
putation of a large number of conformational energies (e.g.,
in the case of the arginine residue, there are 324 mini-
mum-energy side-chain conformations for each backbone
conformation'®). Thus, we have used approximations 1 and
2, each of which fixes the side-chain conformations at
different sets of values. If the computed backbone dihedral
angles of any residue differ in these two approximations,
then the backbone conformation of such a residue would
be considered to be sensitive to the conformation of its side
chain.

A comparison of the results of approximations 1 and 2,
on the one hand, and approximations 3 and 4, on the other,
enables us to assess the importance of nearest-neighbor
side-chain to side-chain interactions, for these are included
in approximations 1 and 2 but not in approximations 3 and
4. (All four approximations, however, contain the im-
portant interactions of a side chain with the peptide group
on each side, since the terminal blocking groups in ap-
proximations 3 and 4 are connected to the central residue
by peptide bonds.) In the absence of side-chain to side-
chain interactions, the conformational energy of each
residue is essentially the same as that of the terminally
blocked amino acid residue,!® except for the negligibly
small contributions of the end groups. A comparison of
the results of approximations 3 and 4 (like that for ap-
proximations 1 and 2) provides information about the
influence of the conformation of the side chain on that of
the backbone.

In using the Ising model, in approximations 1 and 2 only,
the conformational energy of each residue E; and the
nearest-neighbor interaction energy E;;., were evaluated
for each residue and residue pair of BPTI, using the ECEPP
geometry and energy algorithm.? The conformations of
the side chains were held fixed, and E; and E;,, were
evaluated (for the structures of Figures 1 and 2, respec-
tively) at 15° intervals of the backbone dihedral angles.
For nonproline residues, w was held fixed at 180° (planar
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trans conformation); for the peptide bond preceding pro-
line, however, w was taken as a variable at 15° intervals
over the range of -180 to +180°. The value of E; 4, in
ECEPP arises from the interaction of each atom in block
a with all atoms in block b which are separated from it by
three or more bonds (see Figure 2).

The integrals in eq A-7 and A-8 were evaluated nu-
merically (with the temperature taken as 300 K) to give
the functions Fi{(¢;, X;) and G,(¢;, X;), respectively, which
in turn were used to evaluate the partition function (eq
A-10) and P;(¢;, ¥;) (eq A-9) for each residue of BPTI in
approximations 1 and 2. These probability distributions
were represented as free-energy [-kT In P;(¢;, ¥;)] contour
maps in (¢;, ¥;) for each residue; they differ from the usual
(¢;, ¥,) contour maps in which potential energy is repre-
sented. Each map represents the (nearest-neighbor)
short-range contribution of that residue to the free energy
of the entire protein as a function of (¢, ¢;) of that residue;
this is in reality the free energy of a protein with residue
i constrained to have a given (¢;, ¥;). The position of
minimum free energy [and hence maximum P;(¢;, ;)] in
each of these free-energy contour maps indicated the most
likely conformation for the backbone of each residue;
hence, the sequence of minimum free-energy positions
taken from the 58 contour maps indicated the most likely
conformation for the entire protein molecule. If the
ECEPP-fitted crystallographic backbone dihedral angles®’
of a given residue fell within a circle of radius 47° about
the global minimum of the free-energy map for that residue
[this 47° circle representing a mean error in the pair (¢;,
¥,) of less than 30°], then the model was considered to have
computed the conformation of that residue correctly. The
effectiveness of each of the four levels of approximation
was assessed in terms of the number of correct computa-
tions for the whole molecule.

The present work does not take account either of the
effect of solvent or of charges on ionizable residues. It has
been shown previously? that the use of uncharged side
chains for Asp, Glu, Lys, and Arg simulates the effect of
ion shielding by the solvent and provides good agreement
with experiment. It appears better, then, to take all res-
idues in their uncharged states. The protein—solvent in-
teractions could influence the structure. Recent work by
Hodes et al.”® and Némethy et al.,® however, showed that,
although the inclusion of the effect of water in the calcu-
lations of the conformational energies of N-acetyl-N-
methylamides of amino acids and dipeptides did cause the
relative energies of these conformations to shift, it did not
lead to a large change in the shape of the energy contour
maps or in the positions of the minima. Thus, for the
nearest-neighbor interactions considered in this model,
water introduces only slight perturbations. The existence
of a helices and bends, however, may depend strongly on
solvent. Such long-range (solvent) effects cannot be in-
cluded in the nearest-neighbor Ising model of the present
paper, and the results of the model should be interpreted
only for residues in extended or coil states.

Since the purpose of the present work was to investigate
the suitability of the Ising approximation, the calculations
were greatly simplified by considering each residue to have
only one side-chain conformation. A general application
of the theory would require the evaluation of the matrices
of eq B-22 and B-23. This would be done by fitting the
dipeptide energies with the Fourier series defined by eq
B-18 and B-19.

IV. Results and Discussion

Computed Conformational Space. The calculations
with approximations 1 and 2 produced contour maps
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Figure 3. Free energy of BPTI at 300 K as a function of (¢, ¥)
of residue 45 (Phe) for (a) approximation 1 with all x’s assigned
the values of the native protein® (x!, g) and (b) approximation
2 with all x’s assigned the values found for blocked single residues’®
(x%, t). The free energies are in kcal/mol, relative to zero at the
conformation of lowest free energy (indicated by X),

showing the variation in free energy of the whole molecule
with variation in the backbone dihedral angles of any given
residue (with the side-chain dihedral angles held fixed).
Representative maps for approximations 1 and 2 are shown
in Figure 3. The conformation of lowest free energy was
taken as the predicted one for each residue in each ap-
proximation.

From an examination of the free-energy contour maps
from approximations 1 and 2, it was possible to deduce the
sensitivity of the map to the side-chain conformation for
each type of residue. In comparing maps such as those of
Figure 3, it was first necessary to establish that the dif-
ferences are not due solely to the use of two different
(fixed) side-chain conformations in approximations 1 and
2. For this purpose, we refer to the supplementary material
in the paper of Paterson and Leach®! and to the data of
Zimmerman et al.'® For 8-methylalanine, a change of the
side-chain dihedral angle x! from that of the t to the g~
conformation raised the energies at values of ¢ near —-180°
(as also seen in our Figure 3a, as compared with Figure 3b).
On the other hand, however, whereas the a-helix minimum
exists for both the t and g~ conformations of 8-methyl-
alanine®! and of phenylalanine,!® its energy is raised sig-
nificantly for the g~ conformation of residue 45 (Phe) in
the Ising model calculations (e.g., when going from ap-
proximation 2 to approximation 1 in Figure 3) but not in
the single-residue map. Therefore, we may conclude that
differences, such as those between Figures 3a and 3b, are
due both to the differences in side-chain conformations
(i.e., intraresidue interactions) and to nearest-neighbor
interactions.

In addition, the similarity of Figures 3a and 3b to the
g and t energy contour maps, respectively, presented by
Paterson and Leach® provides support for our earlier
assertion that the interactions omitted in the definition
of E; ;4 (Figure 2) provide a relatively constant contribu-
tion to the conformational energy and hence are unim-
portant for the relative energies required in this study.

We now consider the results of the various approxima-
tions. First, we compare the contour maps from approx-
imations 1 and 2 with that of a blocked single residue, viz.,
blocked alanine.’® It is possible to compare these free-
energy maps with energy maps such as those of ref 19 since
the latter are equivalent to free-energy maps in the present
sense because there is an entropy contribution from av-
eraging over the conformations of the blocking end groups;
in free-energy maps such as those of Figure 3, an entropy
from such averaging over the rest of the chain appears. In
general, it was observed that local minima shift their
positions, constrained free-energy wells broaden or narrow,
and regions of low energy disappear.
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In both Figure 3a and Figure 3b, the broadness of the
low-free-energy regions indicates that there is significant
conformational freedom for each residue, regardless of the
side-chain conformation. The existence of such broad
minima is consistent with the results of Ponnuswamy et
al.,’” who found that the conformational space of a residue
is broad but becomes more restricted as more residues are
added to the chain; i.e., while the intraresidue and near-
est-neighbor interactions dominate, it is the interactions
with at least four residues on each side that are responsible
for the uniqueness of the native conformation.!” This is
shown both by the large conformational space of low free
energy in the maps of both approximations 1 and 2 (which
implies that longer range interactions are required to define
a specific conformation uniquely) and by our failure to
predict the bends and helices which are stabilized by in-
teractions over more than two residues.

Next, we compare the two Ising models, approximations
1 and 2, with each other. All residues (except Gly, Ala,
Pro, and Val) were found to show some variation in the
free-energy contour map with the different side-chain
conformations used in the two approximations. The local
minima were shifted and the low-energy regions changed
in shape and size between the two approximations. This
effect was particularly noticeable for Asp, Glu, Ile, and Leu,
residues in which the 8 carbon is well screened by the rest
of the side chain. While Val also has a well-screened 8
carbon, the side-chain conformation of Val in BPTI is the
same in approximations 1 and 2; hence, there is no dif-
ference in the maps for this residue in BPTI.

Approximation 2 can be used to determine whether
there are large effects of nearest-neighbor interactions on
the conformation of a given type of residue when such a
residue occurs in several different places in the chain but
with different neighbors, i.e., when there are different
nearest-neighbor interactions for a given type of residue.
Since the side-chain conformation is the same for all res-
idues of a given type (in this approximation), any changes
in backbone conformation with position in the chain will
be due to differences in the types of neighbors. A marked
effect is observed only if one of the neighbors is a proline,
as found for blocked dipeptides.?? The contour map for
a residue followed in the sequence by proline was very
different from the map for the same residue type followed
by any residue other than proline. In these maps, the
range of ¥ for residues preceding proline was distributed
narrowly (within the range 120-160°), and conformations
outside this range corresponded to high energies.

In approximation 1, where the side-chain conformations
of a given type of residue differ in different positions in
the sequence, the same types of restricted contour maps
(as described in the previous paragraph) were observed for
residues X in X-Pro sequences. Thus, a change of the
side-chain conformation of residue X does not relieve the
strain of its high-energy conformations,?? and the inter-
actions of its backbone with proline must represent the
most important contribution to the nearest-neighbor in-
teraction.

In a Pro—X sequence, a narrowing of the contour maps
was also observed in approximation 2. Here ¢ of any
residue X became narrowly distributed in the range -170
to -130°, When the side-chains were assigned the native
conformations, however, as in approximation 1, the effect
of a preceding proline disappeared and the contour map
resembled that at any other location. The side-chain
conformation in the native structure appears to be such
as to minimize the interactions of the side chain with the
preceding proline. In general, it appears that the type of
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Figure 4. Experimental (A) and calculated (B) backbone con-
formations (including C? atoms) for segment 17-22 of BPTI.

neighbors can have a major influence on the allowed
conformational space only if one of the neighbors is a
proline residue.

In summary, side-chain to backbone nearest-neighbor
interactions produce large changes in backbone confor-
mation of the X residue only in Pro—-X sequences, and
likewise for backbone-backbone nearest-neighbor inter-
actions in X-Pro sequences. Side-chain to side-chain in-
teractions between nonproline residues produce much
smaller changes in backbone conformation, with the rel-
ative energies of different regions in the energy contour
map being more sensitive to the neighbor toward the C
terminus. While these changes are small, they are nev-
ertheless important and must be taken into account (e.g.,
by an Ising model) in the prediction of protein confor-
mation,

Comparison of Computed and Experimental
Structures. Table I shows the experimental values of (¢;
;) for each residue of BPTI and the values determined
within each of the four approximations. Figures 4 and 5
compare the experimental?” dihedral angles with those
from approximation 1 for residues 17-22 and 29-35, re-
spectively, as examples.

The segment from residues 17-22 is one for which all
backbone dihedral angles have been computed correctly,
and Figure 4 shows that the experimental and computed
conformations of this segment appear similar.

The comparison in Figure 5 is interesting because the
backbone dihedral angles of residues 29-31 and 33-35 were
computed correctly, but those of residue 32 were computed
incorrectly. As a result, the computed chain conformation
undergoes a change of direction at residue 32. Therefore,
for a proper comparison of computed and experimental
conformations, residues 29-31 and 33-35 should be com-
pared separately, in Figure 5A,B and Figure 5C,D, re-
spectively. The experimental and calculated conformations
of these two segments compare favorably. Conceivably,
if our model had included next-nearest-neighbor interac-
tions, we might have predicted the dihedral angles of
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Table I

Determination of Conformation of BPTI at Four Levels of Approximation

Macromolecules

values of (¢;, ¥ ;),% deg

residue approximation
posn type exptl?’ 1 2 3 4
1 Arg -60,171 -90, 150 (*) -60, 150 (*)? -75, 90 ~165, 165
2 Pro ~75, 150 -75, 90 ~175, 150 (*)b -75,175 ~75, 75
3 Asp -70,-36 ~75, 90 -180, 150 -165, 150 -90, 105
4 Phe -69, 3 -150, 150 -150, 150 -150, 150 -150, 150
5 Cys -104, -8 -90, 90 -90, 90 -90, 90 -90, 90
6 Leu -89, -27 ~90, 90 -90, 90 -90, 90 -90,75
7 Glu -58, 151 -150, 150 -150, 90 -150, 135 -150, 150
8 Pro -75,170 ~75, 165 (*) =75, 165 (*) ~75,75 -75,175
9 Pro -75,131 =75, 90 (*) —~75, 165 (*) -75,175 ~75,75
10 Tyr -108, 108 -150, 150 (*) -150, 165 -150, 165 -150, 150 (*)
11 Thr -61,-57 -145,120 -90, 90 -90, 90 -90, 75
12 Gly 113,171 -180, 180 -180, 180 -90, 75 -90, 75
13 Pro -75,-28 -75,75 -75,75 -75,175 -75, 1756
14 Cys -60, 157 -75,120 (*) -165, 150 -90, 20 -90, 90
15 Lys -120, 32 -135, 150 -90, 90 -75, 90 -90, 75
16 Ala -83, 169 -90, 90 -90,75 -90, 75 -90, 75
17 Arg -116, 77 —-90, 90 (*) —-90, 90 (*) -75, 90 (*) -90, 90 (*)
18 Ile -111,121 -90, 105 (*) -150, 135 (*) -150, 135 (*) -75, 105 (*)
19 Ile -80, 113 -75, 105 (*) -150, 135 -150,135 -90, 90 (*)
20 Arg -120,173 —90, 135 (*) -90, 75 -75, 90 -75, 90
21 Tyr -1186, 135 ~150, 150 (*) -150, 150 (*) -150, 165 (*) ~150, 150 (*)
22 Phe -138,134 ~-150, 150 (*) -150, 165 (*) -150, 150 (*) -150, 150 (*)
23 Tyr -73, 143 -150, 150 -150, 150 -150, 165 -150, 150
24 Asn -118, 102 ~150, 120 (*)® -150, 135 (*) -165, 135 -75,105 (*)
25 Ala -54,-30 ~105, 75 -90, 90 -90, 75 -90, 75
26 Lys -89, -69 -135, 150 -90, 90 ~75, 90 -90, 75
27 Ala —~53, —40 -90, 90 -150, 150 -90, 75 -90, 75
28 Gly 98, 10 90, 90 90, -75 90, -75 90,-75
29 Leu -142,-179 —-150, 165 (*) -90, 90 -90, 90 -150, 150 (*)
30 Cys -97, 144 -90, 105 (*) -90, 120 (*) -90, 90 -90, 90
31 Gln -132, 168 -135, 150 (*) ~150, 150 (*) ~150, 135 (*) -90, 75
32 Thr -91, 144 -90, 90 -90, 90 -90, -90, 75
33 Phe -155, 141 -150, 150 (*) —-150, 165 (*) ~150, 150 (*) -150, 150 (*)
34 Val —-66, 128 -90, 120 (*) —90, 120 (*) ~90, 105 (*) —-90, 105 (*)
35 Tyr -111,132 —-135, 135 (*) -150, 150 (*) ~150, 165 -150, 150 (*)
36 Gly -47,-51 90, -75 90,75 -90, 75 -90, 75
37 Gly 118, 9 -90, 75 -90,75 90,-75 90,-75
38 Cys -158, 151 -90, 90 -90, 75 -90, 90 -90, 90
39 Arg 56, 56 -90, 135 -90, 90 -75, 90 -75, 90
40 Ala —-80, 149 -90, 120 (*) -90, 75 -90, 75 -90, 75
41 Lys -92,-167 -1385, 150 (*)? -90, 90 -75, 90 -90, 75
42 Arg -76,-46 -~135, 135 -90, 90 ~75, 90 ~75, 90
43 Asn -78, 77 -165, 150 -165, 135 -165, 135 =75, 105 (*)
44 Asn ~167,113 ~-165, 105 (*) -165, 135 (*) ~165, 135 (*) -165, 120 (*)
45 Phe -123,172 -135, 150 (*) ~150, 150 (*) -150, 150 (*) -150, 150 (*)
46 Lys -98,-18 -90, 75 -90, 90 -75, 90 -90, 75
47 Ser —-143, 158 ~150, 165 (*) -90,75 -75,1756 -165, 150 (*)
48 Ala -77,~35 -90, 150 -90, 75 -90, 75 -90, 75
49 Glu -57, -46 -60, 90 -150, 135 -150, 135 -90, 75
50 Asp -76,-32 -135,135 -165, 150 ~165, 150 -165, 150
51 Cys -84, -55 -75, 90 -75, 90 -90, 90 -90, 90
52 Met ~67,-28 -75, 105 -75, 105 -75,105 -90, 76
53 Arg -66, -38 ~165,120 -90, 90 -75, 90 -75,105
54 Thr -47, -56 ~75,105 -90, 90 -90, 90 -150, 150
55 Cys -68, -56 -90, 90 -90, 90 -90, 90 -90, 90
56 Gly -39, -47 -90, 75 -90,75 -90, 75 -90, 75
57 Gly 161, 64 -90, 75 -90, 75 -90, 75 -90, 75
58 Ala -168,-164 —-150, 150 (*) -150, 150 (*) -90, 75 -90, 75

¢ Correct determinations are indicated by (*) [i.e., the experimental values of (¢;, ;) lie within a circle of radius 47°
The free energy map shows two

about the computed point; thus the mean error in the pair (¢;, ¢;) is less than +30°].
minima with <0.1 keal difference between them; the one closest to the experimental value is listed here.

The circles of

radius 47° about both minima, however, included the experimental value; hence, either computed value would be correct.
In all other cases, there was either only one minimum or a second minimum > 0.5 kcal above the global minimum, and the
choice of (¢;, y ;) was clear.

residue 32 correctly and thereby would have avoided the
erroneous change of direction of the chain at residue 32.

Comparison of Approximations. The dihedral angles
computed within each of the four approximations may be
compared with the experimental values (Table I). In
particular, a comparison of the percentage obtained cor-

rectly in approximations 1 and 2, on the one hand, with
that obtained correctly in approximations 3 and 4, on the
other, illustrates how the backbone dihedral angles com-
puted with the Ising model compare to those for blocked
single residues. Columns 3-6 in the first row of Table I1
show the percent of the residues with correctly assigned
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Figure 5. Experimental (A and C) and calculated (B and D) backbone conformations (including C# atoms) for segment 29-35 of BPTI.
The comparison of A and B pertains only to residues 29-31 and that of C and D only to residues 33-35.

(¢, ¥)’s in each approximation. Approximations 1 and 2
are statistically better (at the 95% confidence level, using
a x? test3) than approximations 4 and 3, respectively, but
none is better than 41% correct. Also, the assignment of
the native conformations of the side chains improves ap-
proximation 1 over approximation 2, and approximation
4 (in which the side-chain dihedral angles are within 30°
of the native ones) over appoximation 3, but neither im-
provement is significant at the 95% confidence level.

Now, as pointed out in the Introduction, while « helices
and 8 bends arise primarily because of short-range inter-
actions, they also involve the interactions with neighbors
that are removed by four and three residues, respectively.
Since these longer range interactions were not included in
any of the four approximations, such structures should not
be included when judging how well the approximations
represent nearest-neighbor interactions. Thus, the four
approximations should be evaluated by considering only
those residues of BPTI that are not in a-helical (or 8-bend)
conformations (this can also be justified on energetic
grounds®4),

The results of such an evaluation are shown in the
second row of Table II, in which the entries are consid-
erably higher than those in the first row, but the difference
between the entries in the first and second rows is sta-
tistically significant within the 90% confidence level only
for approximation 1. Further, the data of the second row
show that the percent correct for approximations 1 and
2 is considerably higher than for approximations 4 and 3,

respectively, within the 95 and 90% confidence levels,
respectively. Also, the value of 60% correct for approxi-
mation 1 is much higher at the 95% confidence level (for
regions of the chain not involved in « helices or 3 bends)
than the majority of those based on short-range algo-
rithms™® that rely on statistical analyses of experimental
protein crystallographic data (see next section for further
comparison with other prediction procedures).

It is not quite fair to compare approximations 1 and 2
with approximations 3 and 4 by including the residues
preceding proline because it is known?? that the confor-
mational space of an X residue in an X-Pro sequence is
greatly restricted by the following proline residue, com-
pared to its properties as a blocked single residue.!® The
use of E;;,, in approximations 1 and 2 would include this
effect, which would not appear in approximations 3 and
4. Indeed, as seen in Table I, approximations 3 and 4 fail
to predict the conformations of any residues preceding
proline, whereas approximations 1 and 2 do as well (2 out
of 4) for these residues as for any other residue. Therefore,
to compare these approximations properly, we should
eliminate the four residues preceding prolines (third row
of Table II). With this elimination, the results of ap-
proximation 4, while still not as good as approximation 1,
improve to the point where they are not statistically dis-
tinguishable at the 95% confidence level from approxi-
mation 1. For approximation 4 to succeed so well, it must
mean that the side-chain to nearest-neighbor backbone
interactions (present in both models 1 and 4) play an im-
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portant role in those conformations occurring in the
globular protein. The nearest-neighbor side-chain to
side-chain interactions (absent in approximation 4) will
be of less importance, although the better results of ap-
proximation 1 over approximation 4 (with the results for
prolines eliminated) are due partly to the inclusion of
side-chain to side-chain interactions and partly to the
correlation between neighbors inherent in the Ising model.
The poor results of approximation 3 strongly indicate that
a short-range Ising model must include the variability of
side-chain conformations.

Finally, it must be emphasized that, in predicting the
backbone dihedral angles of an unknown protein structure,
no prior information is available as to the location of
helices and bends or as to the values of the side-chain
dihedral angles. The data presented here represent, on
the one hand, the most favorable assignment of side-chain
dihedral angles (approximations 1 and 4) and, hence, an
upper bound on the success rate, and, on the other hand,
an incorrect assignment of side-chain dihedral angles
(approximations 2 and 3) and, hence, a lower bound on the
success rate. These calculations are meant as tests, and
it is the procedure of Appendix B that must be followed
if the Ising model is to be used for the prediction of protein
structure. Thus, the success rates of line 1 of Table II can
indicate only the range of successful prediction possible
with the nearest-neighbor Ising and single-residue models.
The remaining lines of Table II serve only as tests of the
importance of nearest-neighbor interactions.

Comparison with Prediction Procedures in the
Literature. High success rates have been claimed for
various prediction procedures,’!? but it must be realized
that these methods assign residues to regions of confor-
mational space, leaving a large degree of uncertainty in the
actual values of ¢ and ¢. Indeed, Burgess and Scheraga!®
have demonstrated that a “perfect” prediction algorithm
[assignment of correct region for every residue, with the
(¢;, ,)’s taken as the mean value for each residue in each
region] results in a structure that differs considerably from
the native one. If we apply our criterion that the mean
error in the pair (¢;, ¥;) be less than 30°, then even the
“perfect” prediction?® leads to incorrect dihedral angles
for residues 1, 7, 12, 14, 17, 29, 31, 33, 38, 43, 44, and 58
(see footnote ¢ of Table II); i.e., the conformational regions,
as usually defined, are too large for meaningful assignments
of the backbone dihedral angles.

In order to compare our procedure with those in the
literature, we have used the following method to deduce
dihedral angles from the predictions reported earlier.”-3
If a procedure’'® assigns a region correctly, as defined
above, and if the “perfect” prediction'® can assign the
dihedral angles correctly, then we consider that the con-
formation of that residue has been predicted correctly.
There still remain some ambiguities, however, that must
be dealt with. Many algorithms™ %1 for, say, a two-state
model assign the nonhelical residues to a coil region that
includes the entire conformational map; i.e., the confor-
mations of such residues are unpredicted. If a residue is
unpredicted,” ! i.e., assigned to the “coil” region, we give
it a 25% chance that its conformation would be assigned
correctly to one of the four regions, viz., (ag, o, {g, €,
which are the only ones that occur in BPTI. But, even if
assigned to the correct region, their dihedral angles are
considered to be predicted correctly only if they meet our
criterion that the mean error in the pair (¢, ¥,) be less than
30°. Thus, for example, if residues 6 and 7 were predicted
to be in “coil” states, we would assign !/, of a correct
prediction to residue 6 but zero to residue 7 since the latter
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is not predicted correctly by even the “perfect” prediction
algorithm. A similar problem arises in the prediction of
bends,” 13 since there are several combinations of dihedral
angles for a bend and the prediction methods™*!® do not
specify the type of bend. In considering bends in the
Gly-Gly sequence, we have assumed that there is an equal
chance (}/4) for the occurrence of each of eight types of
bend5732 I ((XR, g‘R)y i (aLy {L), 11 (f’ aL)’ Ir (E*, g.R), 111 (aRy
ag), I (ag, ar), V (¢, €*), and V’ (e*, €), where ¢* is the
mirror-image equivalent of the ¢ region and is possible only
for Gly.®® Hence, !/ of a correct residue is assigned to each
residue in a pair that is predicted to be in a bend, provided
that (again) the 30° criterion is met; otherwise, zero is
assigned. Other pairs of residues in bends are treated
similarly. For Ala-type-Ala-type® and Pro—Ala-type se-
quences, we assign equal chance (!/;) for bend types I, II,
and III; for Ala-type—Pro and Pro-Pro sequences, we assign
equal chance (!/,) for bend types I and III; for the Gly-Pro
sequence, we assign equal chance (/) for bend types I,
I, 111, and V’; for Ala-type—Gly sequences, we assign equal
chance (1/) for bend types I, I, I1, I1I, IIT’, and V; and for
Gly-Ala-type sequences, we assign equal probability (*/,)
for all bend types except V. In all cases, the 30° criterion
is also applied.

The first line of Table II shows the assigments of various
prediction methods.”*® All of them, including those of this
paper, assign (¢, ¥)’s correctly with significantly less suc-
cess (99.9% confidence level) than the “perfect” prediction.
Approximations 1 and 2 are tests of the Ising model. The
latter can be used for prediction only if one averages over
the side-chain conformations (Appendix B); the expected
success rate of the Ising model would lie between those of
approximations 1 and 2, and that of the single-residue
model (with averaged side-chain conformations) would lie
between those of approximations 3 and 4. The success
rates of the Ising model, Maxfield and Scheraga,'!2 Lim,?
Robson and Pain,!® Chou and Fasman,? and Tanaka and
Scheraga (three- and four-state models)!® lie grouped
around 40%, and these methods are signficantly better
(95% confidence level) than a random assignment to the
four regions of the (¢, ) map of BPTI. The success rates
of the single-residue model, Burgess et al.,” and Tanaka
and Scheraga (multistate model)!? are grouped around
25% and are not statistically different (95% confidence
level) from a random-choice success rate of 10%.

When the helical and bend regions are removed from
the sample (line 2 of Table II), the Ising model is statis-
tically indistinguishable (95% confidence level) from the
“perfect” prediction and is significantly better (95% con-
fidence level) than all but Chou and Fasman® and Maxfield
and Scheraga.''? The single-residue model and the re-
maining prediction methods”®!%13 are not significantly
better (35% confidence level) than a random assignment.
It thus appears that the nearest-neighbor Ising model
predicts the backbone dihedral angles of BPTI with an
accuracy as good as that of the best methods in the lit-
erature; when the helical and bend regions are omitted,
the accuracy of the Ising model is best.

Ising Model and Native Structure. One of the
problems in applying short-range interaction models to
proteins is that, as is well-known, there are different types
of local structure. « helices and 8 bends display a narrow
range of ¢ and ¢ and involve interactions that span several
residues. All other conformational states (e.g., nonregular
or extended structure) exist over a wide range of ¢ and ¢
and arise largely as a consequence of the intraresidue in-
teractions (which include those of the residue with its
adjacent peptide groups) and, to a lesser extent, nearest-
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neighbor interactions. The Ising model treatment in this
paper was suitable only for this latter type of structure.
Prediction of « helices and bends is beyond the scope of
an exact nearest-neighbor model.

The short-range model used in the calculations reported
here is a good one for a random-coil protein, and the
contour maps can be used to indicate the available con-
formations for such a protein in the absence of long-range
interactions, i.e., in the unfolded state. (It should be noted
that the term “random coil”, as used here, refers to a
Boltzmann average over the dihedral angles of the entire
protein, this average being dominated by low-energy con-
formations in which short-range interactions dominate.)
In other words, the calculations carried out here pertain
to © conditions.*3” The fact that the results compare
favorably with the nonhelical and nonbend regions of the
native protein indicates that these regions are not very
sensitive to long-range interactions. When the external
conditions (e.g., pH, temperature, solvent) are changed
from O conditions to those favoring the native structure,
changes arise in the conformation of each residue and,
hence, in the overall conformation. A large fraction of
backbone dihedral angles in the native structure lie close
to the global minimum of the short-range model,®® as
shown here. Therefore, when the external conditions are
changed from native ones, the backbone dihedral angles
of many of the residues will be expected to fluctuate about
values that are displaced by small amounts (certainly
within the 30° criterion used here) from the native
structure; i.e., the intraresidue and nearest-neighbor in-
teractions are the most important in a large fraction of
residues, both for the random-coil structure and for the
native structure. It must be emphasized that even very
small changes in the backbone dihedral angles (10° or less)
will cause gross changes in the overall conformation of the
protein.'® In other words, a denatured protein may, in fact,
have the majority of its residues in individual conforma-
tions near their native values and still have a conformation
very different from that of the native protein.

In light of this, the short time required for the protein
to refold into its native conformation can be better un-
derstood in that many residues will require only minor
changes in their dihedral angles in order to reach their
individual native conformations. Of course, since refolding
is a cooperative process, the more residues that are in or
near their native conformation, the faster will the re-
maining residues approach their native conformations.

Applications of the Ising Model. In the past, protein
structure has been predicted by restricting the statistical
analysis of the crystallographic data to residue-pair fre-
quencies®1* and by formulating ad hoc rules for the pre-
diction of conformational regions. This approach suffers
from deficiencies such as the limitation of the statistical
analysis to pairs of residues [which does not distinguish
isolated helical («ag) states from helical sequences and
isolated (g states from bends, many of which contain {y
states], with a resulting overemphasis of isolated ag and
{r regions. Also, not enough protein crystallographic data
exist to carry out the analysis of triplets and quadruplets
needed for proper statistical prediction of the correct
amounts of all types of local structures. The paper by
Maxfield and Scheraga!! contains a critique of this ap-
proach. (Currently, work is under way®® to optimize the
existing protein data and to improve some of the as-
sumptions made in the Tanaka-Scheraga approach.’®) As
indicated earlier, however, even a perfect prediction of
regions'® leaves a large uncertainty in the values of the
dihedral angles.
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It would thus be very desirable to have a detailed
short-range alogorithm, such as a second- and/or third-
nearest-neighbor Ising model, which included such inter-
actions as the a-helix hydrogen bond. Such Ising models
are extremely difficult to solve in a direct manner and
would involve extensive conformational energy calculations
to parameterize. On the other hand, techniques such as
Monte Carlo provide a powerful method for extending the
Ising model presented here, so as to include interactions
with residues twice removed as neighbors. Such an ex-
tension would allow our Ising model to treat helices and
bends properly.

The Ising model of this paper, as presented in Appendix
B, can be used as the sampling basis for an efficient Monte
Carlo calculation of the relative probabilities of occurrence
of conformations in an extended short-range model (in-
cluding interactions with up to five adjacent residues in
each direction along the chain). These probabilities in turn
can be used as the sampling basis for a Monte Carlo cal-
culation in a medium-range model, which in turn can be
used as the sampling basis for a Monte Carlo calculation
of the most probable conformations for the entire sequence
with all interactions present. These then serve as the
starting points for full energy minimizations. In this way,
the multiple-minima problem is dealt with in a computa-
tionally feasible manner. The results of this paper, and
of recent experiments,? suggest that such a model may be
sufficiently complete and accurate to generate many con-
formations of a protein that lie close to (and in equilibrium
with) the native structure; i.e., it is reasonable to expect
that, because of the success of the nearest-neighbor Ising
model compared to other methods (see Table II), its ex-
tension (with variable side-chain dihedral angles) by this
Monte Carlo procedure should lead to values of the (¢,
¥;)’s that are more accurate than the mean values assigned
to predicted regions,'® even if such regions are predicted
with 100% accuracy.

V. Conclusions

The nearest-neighbor Ising model has been found to
reproduce the native backbone dihedral angles of a large
fraction of the residues in BPTI. Since the model properly
corresponds to random-coil conditions and hence to a
denatured protein, we are led to conclude that a denatured
protein may, in fact, have the majority of its residues in
individual conformations very close to their native ones.
This would greatly reduce the time needed for the re-
folding process.

This study has also provided further assessment of the
relative importance of various contributions to the
short-range interactions. The following were found: (1)
side chain—side chain interactions are less important than
side chain—backbone interactions; (2) residues preceding
proline and, to a lesser extent, following proline have a
smaller allowed conformational space than do those with
other types of neighboring residues; (3) from a comparison
of approximations 1 and 2, the effect of side-chain dihedral
angles on backbone conformations is due mainly to in-
traresidue interactions; (4) while the blocked single residue
is a good representation of short-range interactions, the
Ising model represents an improvement; (5) the better
results of approximation 1 compared to approximation 2,
as well as the success of approximation 4, show that var-
iation of the side-chain conformation influences the pre-
dicted backbone conformation and is a necessary feature
of any short-range model.

A very important feature of the present treatment is its
use of backbone dihedral angles that are continuous, rather
than the assignments of the backbone conformations to
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large regions of conformational space (with a consequent
large uncertainty in the values of the dihedral angles). In
particular, this treatment circumvents the ambiguity
present in conformations that lie in the heretofore-desig-
nated “coil” region.

In summary, the present method of calculation of the
conformation of globular proteins has avoided many of the
weaknesses of previous efforts; i.e., the use of continuous
backbone dihedral angles allows more precise specification
of the protein conformation than the conformational states
previously employed. Also by parameterizing the Ising
mode! with conformational energy calculations, we have
avoided the problem of insufficient experimental data.
The model has been formulated in a mathematically rig-
orous manner without ad hoc rules and in such a way that
it can be expanded in the future to include interactions
more distant along the chain. It has been successful in
predicting the conformations of a large percentage of
residues correctly and has given rise to further useful in-
sights as to the nature of local structures in globular
proteins. Further, it can serve as a basis for more complete
calculations in the future.
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Appendix A. Partition Function of a
Specific-Sequence Polypeptide Chain with
Nearest-Neighbor Interactions

Consider a polypeptide chain having a specific amino
acid sequence. The chain can be considered to be con-
structed from fragments of the type represented in Figure
1a (or in Figure 1b if the residue is proline). If E,; repre-
sents the energy of interaction between all pairs of atoms
within residue i, i.e., within the fragments of Figure 1a and
1b, respectively, then

E; = E{¢;, ¥i» xi", .., xi*) for Figure 1la

and (A-1)
E; = E(w;_y, ¥;) for Figure 1b

where v; is the number of dihedral angles in the side chain
of residue i. The theory will be formulated in terms of two
backbone dihedral angles per residue [(¢, ¥) and (w, ¥) for
nonproline and proline residues, respectively]; the equa-
tions will be written, however, only in terms of (¢, ¥), but
it should be understood that (w, ¥) replaces (¢, y) when
the residue is proline.

Interactions between neighboring residues are depicted
in Figure 2a (or in Figure 2b if the second residue is pro-
line). If E;;,, is the energy of interaction between nearest
neighbors, { and i + 1, i.e., between each atom of block a
with all atoms of block b, which are separated by three or
more bonds, then

Ei,i+1 =
E 10 dis1s Xy oo X% Xis1}s wor Xin1"1) for Figure 2a
and (A-2)

Ei i1 = E; (Y, 0, X, oy x%) for Figure 2b

The partition function for a polypeptide chain of N
residues, taking into account interactions only within
residue ; and between residues i and i + 1, may be written
as
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N-1
Z= ff{g exp(-BE)) exp(—BEi,m)} X
exp(-BEy) d¢;...doy dyq..dyy dxi...dxa™ (A-3)

Hereafter, we introduce the shorthand ¥; for x;., ..., x and
dx; for dx;'...dx;”. The probability distribution of the
backbone dihedral angles (¢;, ¥;) for residue i is

Plo;, ) = .
%ff{ [ El exp(-BE;) exp(-BE;x+1) dé, dy, dilz] X

N
[k=1;10-1 exp(-BE;) exp(-BEj_1,) d¢p dyy dXe | X
exp(—ﬁE,) di, (A-4)

This expression for P;(¢;, ¥;) may be represented in terms
of other functions as follows. Define F; as

Fi(é, %) =
S f Blexo(-8B) expt-sEiu) dox dvi dal (4-5)
fori =2, N

(since Ej 4+, depends on ¢4 and x,+;’s and not ¢.44; see
eq A-2) and F;, similarly. Then

F; =
o S expt-8E,) exo(-8E..,) H fexn(-6Ew) x
exp(—BEj y+1) doy dyy dX] doiy dy;; dXiy (A-6)
fori =3, N
ie.

Flo;, X)) = f---fFi—l(d’i—l: Xi1) X
exp(-BE;,) exp(-BE;;) d¢;, d¥;, dx;; (A-7)
fori=2, N

where F; = 1. Likewise, define G, as

G, X)) = .
f... f L1 [exp(-BE1,) exp(-BEy) doy dvy %]

= o £ Gnrtirs, Kina) X

exp(-BE; ;1) exp(-BE;1;) dois1 diiyy dXisr (A-8)
fori=1,N-1
where Gy = 1. Then we may write P;(¢;, ¥;) as

P0y ¥) = 5 [ o [ Fi(6, %) exp(-BE)G(%s %) d%
(a-9)

and the partition function as
Z= { .. { Fx(on, Xn) exp(-6Ey) déy dyy dXy (A-10)
or as

Z= { .. £ G661, %) exp(-6E)) do; dy, dx,

Since eq A-7 and A-8 are recursion formulas such that Fy
has all the information of the preceding N - 1 residues and
G, all the information of the succeeding N ~ 1 residues,
eq A-10 or A-11 gives the partition function [and hence
eq A-9 gives P;(¢;, ;)] by a simple numerical algorithm.
Whereas E; can be evaluated for each of the 20 amino acids

(A-11)

Short-Range Interactions in Polypeptides 1425

and E, ;,; for each of the 400 dipeptide pairs, as indicated
in section II, the quantities Fy, Fy, Fs, ..., Fy and Gy, G,
Gn-g, ..., Gy must be evaluated separately for each protein
since the F's and G’s depend on the amino acid sequence.

Appendix B. Matrix Representation of the
Partition Function

It is useful to introduce approximations that allow the
partition function to be decoupled into products of ma-
trices, each matrix depending only on the type of di-
peptide. These matrices can then be evaluated for all 400
dipeptides and, since the amino acid sequence of any
particular protein provides the correct order of multipli-
cation of the matrices, the probability distributions P(¢, ¥)
can be calculated for any amino acid sequence. It is im-
portant to average properly over the x’s as we decouple
the partition function. This can be done by formulating
the partition function in terms of a self-consistent effective
potential, as in N-body theory. In the latter theory, the
average potential energy of the jth particle, ¢(r;), whose
vector position is r; is obtained by averaging the pair
interaction potentiai U(r; - r,) over the positions r; of all
the other particles,* i.e.

o(r) = ¥ f Ulr; - r)P(r|r) dr (B-1)

1]
where P(rj|r;) is the conditional probability that the ith
particle is at r;, given that the jth particleis at r;. Ina
similar manner, we make use of a self-consistent etjfective
potential, Ugcp, for the nearest-neighbor interactions in

the Ising model treatment of a polymer chain. We define
Ugcp in this case as

Uscp(¥i, ¢is1) = fu-fEi,iﬂ(% Xi» Giv1y Xird) X
P X1l di41) dX; dXiey (B-2)
where P(X;, X;+1|¥:, ®:+1) is the probability distribution for

the two side chains having the conformation (¥;, %;+;) when
the backbone has the conformation (¢, ¢;4+1), and

P, Xiv1l¥i dis1) = P(Xs, Xiv1, Yoo 141/ Pi¥s, bi41)
(B-3)

= { f f [;:Ii exp(-BE)) exp(-BE;;+1) d¢; dy; df(}] x
exp(~BE;) exp(-BE;;+1) exp(-BE;+)) X
[jﬁz exp(-BE;) exp(-6E,.)) do; d¢, dx;| ds, d¢,-+1} x
f f [E exp(-BE;) exp(-BE;;+,) d¢; dy; df(z‘] X
exp(-BE;) exp(-BE;;+1) exp(-BEu1) X
[ 11, expi-sm) expicsm, 1) do, av, o, | x

1
de; dy;yq di; df(m} (B-4)

= { f ffi(d’i, X;) exp(-BE;)exp(-BE;;+,) exp(-BE ;) X

i1, Xiv1) do; d‘l/i+l}/{f"-ffi(¢iy X)) X
exp(-BE;) exp(-B8E; ;1) exp(-BE;)gi+1(Viv1, Xis1) X
do; dy;y; dX; dXis1¢ (B-5)

where
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fi(¢u ~i) =
S S T exp(-8E) expi-6E, ) do; v, dx; B0

and
g;+1(¢1+1, it+1) =

fof 1 exp(-6E)) exp(-8E;.) doy dy; dx; (BT

J=it2

While f; and g; formally look like F; and G; of eq A-5 and
the first of eq A-8, respectively, they are different quan-
tities; because of the self-consistent potential approxima-
tion, f; and g; cannot obey the recursion relations of eq A-7
and the second of eq A-8, respectively.
By inserting eq B-5 into eq B-2, we obtain a self-con-
sistent interaction potential
Uscp™ VW, ¢i4) =
f»-fEi,m(\(/i, Xi» $iv1 XirDfiloy, X)) X
exp(-BE,) exp(-BE;;+1) exp(-BE;+1)&i+1(¥is1, Xiv1) X
de; dyiyy dX; dii+1}{f ffi(d’i, X;) X
exp(-BE) eXP(”BEi,iH) exp(-BE;+1)8i+1(¥is1, Xi41) X

-1
46, dfins 4%, dxnf " (B-9)
At this stage, we introduce two different approximations,
In the first-order approximation, we take all /s and g’s as
unity. This is equivalent to ignoring all residues in the
chain except residues ¢ and ¢ + 1 when considering the

interactions between the side chains of these two residues.
In this approximation, eq B-8 becomes

Uscp™™* (s, ¢iv1) = {fmei,iﬂ(\l/i, Xis Gi+1> Xiv1) X
exp(-BE) exp(-BEjs:) exp(-BEiss) Aoy dbiar %, d¥sar] X
! f -.-fexp(—BEi) exp(-BE;;+1) exp(-BE;;) X

46 Qivs A% dFensf (B-9)

= {f—--fEi,m(% Xi» ®is1s Xit1) €Xp(-BE*) X
exp(-BE;+1) exp(-BE ;) dX; df(m} X

{f...fexp(—BEi*) X
exp(~8E;ju:) exp(-6Eiy) d% X (B-10)
where
exp[-BE*(¥; %) = [ expl-6Ei(¢ ¥ )] dg;  (B-11)
and

expl[-BE ;4 (b1, Xi+1)] =
exp[-BE;;1(di+1, Yir1, XirD)] Ay (B-12)

A better approximation would be to use the fs and g’s
from the N-acetyl-N’-methyl dipeptide amides in the
calculation of Ugep. In this approximation, instead of
ignoring all residues in the chain except residues i and i
+ 1, we simulate the borders of these two residues by the
CH; of the acetyl group (preceding residue i) and the
NHCH; of the methylamide (following residue ; + 1).
Thus, we approximate eq B-6 and B-7 by

filon %) =
exp[-BEcu,(xcuy)] expl-BEcu,(xcHy ¢is X:)] dXch,
(B-13)

Macromolecules
and

ginWiss, Xie) = [ expl-BEnmcn,(xcu,)] X
exp[-BE ;4 nucu,Wir1r Xi+1, Xcny)] dxcn, (B-14)

where xcn, is the dihedral angle for rotation of the CH;
of the acetyl group and xcy, is the dihedral angle for
rotation of the CH; of the I\fHCH3 group. In practice,
these dihedral angles are almost invariable. This gives

exp[-BE*(¥;, %))] =
f exp(-8Ecy,) exp(-8Ecu,) exp(-E) dxcr, dé:
(B-15)

and

exp[-BEis1 (i1, Xiv1)] =
exp(-BEnucy,) eXP(-BE;+1Nuch,) eXP(-BEi4y) X
d¥;+y dxcn, (B-16)

This approximation may be used for evaluating Ugcp®+Y
of eq B-10, which may then be inserted in place of E; 4,
in eq A-3 to obtain the partition function in the form

zacn= § SLIS 1S - Fomncam ex]

exp[-BUscp V] do; d\h;f---fexp(—ﬁEN) dXN] x
dey dyy (B-17)

When the Boltzmann factors in eq B-17 are evaluated
numerically (see section III), they may be expressed as a
Fourier series of order [, where [ is an adjustable parameter
(usually about 7) to achieve an adequate Fourier series
representation of these Boltzmann factors. The purpose
of using a Fourier series is to enable these integrals to be
expressed as matrix products which can be evaluated nu-
merically very easily. (Expansion in a Fourier series, so
as to arrive at a matrix representation, had been carried
out earlier by Allegra et al.*! in the calculation of char-
acteristic ratios of alternating copolymers.) For this
purpose, we introduce the following matrix notation:

S o S expl-8Ei(@s vi, %) d%: = @2ANW, (B-18)
and
exp[-BUscp“* (¥, di41)] = ¥*Byj4184y (B-19)

where &; and ¥, are the column vectors

1/2'2
Cos ¢;

®; =| cos (l¢;) (B-20)
sin ¢;
sin (ld)l)J

1/21/2
cos y;

v = COS&N/;‘)
sin y;

(B-21)

sin (Iy )
i

e




Vol. 13, No. 6, November-December 1980

and the asterisk indicates a transpose. Also
Ai =

_2000 2112g, . 212, 212p 21/2b017
2'%a,, a4 T a] by, o by
2"q, g o ag by e by
21/2Cm Cn e Cy d, e dy;
2%¢, ey ooay dy, e dg |

(B-22)
Bi.i+| =
By, 2%, 2% g 2128, 21280
2“20‘10 ay, [ @, ‘3“ e 611
2%, ey e 81 T B
2%y, Yu o Y1l 81 T 81
2”2’)‘10 Th e T 81 o bu {
(B-23)

The quantities @, by Cmns and d,,,,, are to be understood
as having superscripts (/) and are the constants of the
terms of the Fourier expansion in cos (m¢;) cos (ny,), cos
(mg,) sin (ny), sin (me;) cos (ny;), and sin (m¢,) sin (ny,),
respectively, for [...fexp[-BE{¢;, ¥;, X;)] d%;. The quan-
tities amn, Bomns Y mns and §,,, are to be understood as having
superscripts (i, { + 1) and are the similar terms of the
Fourier expansion for exp[-8Ugcr™ (¥, di40)].
With this notation, the partition function becomes

Zsep = |- f[ ALY, B”H%]
[ ‘I)N*AN\I’N] d¢y..doy dyq...dyy
N_
= f--~fq>1*A1[ gll ‘I’i‘l’i*Bi,i+1‘I’i+1‘1’i+1*Ai+1] X
‘I’N] d¢;...doy dyy..dyy
= [fq’l* d¢, A1][§1f‘1’i‘l’i* dy; Byj4q X

f‘I’i+1‘I’i+1* die Ai+1}][f‘l’N d¢N]

(B-24)

j(~)27rq>1* de, = (511/‘2‘];27@%

27 27
J; cos ¢ do, ..., j; cos (l¢) do,

2r 2r
j; sin ¢ do, ..., j; sin (I¢) dqb)

= 21/2.(1, 0, O, ..., 0) = 21/2zex*
(B-25)

where e* is a row vector with the components indicated
in eq B-25. Similarly

27
_j; ¥y dyy = 2121 (B-26)
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where e is a corresponding column vector, and
2r 2%
S ear dor= [ v Ay = alyn (B2)

where I, is the identity matrix of order (2! + 1). Hence,
the partition function of eq B-24 becomes

N-1
Zscp = 27"2Ne*[ Ul A;B; ]sze (B-28)
Thus, the evaluation of Zgcp involves the evaluation of the
matrices of eq B-22 and B-23 and hence the integrals in
(B-10) and (B-18).

Finally, the probability distribution functions for each
pair of dihedral angles (¢;, ¥;) are given by

Pgcp(¢ %) =
ZSCPI f{[ H exp(-BE;) exp(-BUgcp***D) X

doy dys d)"(k] kgl exp(-BE;) exp(—BUggp®1#) X

déy dyy dix ] }{exp(‘ﬂEi) dii} (B-29)
e*[ ki—:il AkBk,k+l ] [ q’i@i*Ai‘I’i‘I’i* ] X

[ INI Bk_l’kAk]e (B'30)
k=i+1
(B-31)

2 7r2N—2

Zgcp

= t*¢,8,*A, ¥,V *h,

where

,,_4

= (2/Zgcp)V?nN e [ Il A

L ABy i1 ] (B-32)

and
N
h; = (Q/ZSCP)1/2WN’1[ k_qu Bk—l,kAk]e (B-33)
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Helix-Coil Stability Constants for the Naturally Occurring Amino
Acids in Water. 18. Tryptophan Parameters from Random
Poly[(hydroxypropyl)glutamine-co-L-tryptophan]!
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ABSTRACT: Water-soluble, random copolymers containing L-tryptophan and N®-(3-hydroxypropyl)-L-glutamine
have been synthesized, fractionated, and characterized, and the thermally induced helix—coil transitions of
these copolymers in water have been investigated. The incorporation of L-tryptophan was found to increase
the helix content of the polymers at all temperatures in the range 0-60 °C. The Zimm-Bragg parameters
o and s for the helix—coil transition in poly(L-tryptophan) in water were deduced from an analysis of the melting
curves of the copolymers in the manner described in earlier papers. The computed values of s indicate that
L-tryptophan enhances helix growth at low temperatures and reduces it at high temperatures; the large value
of ¢ indicates that, in water, this residue has a tendency to promote helix—coil boundaries at all temperatures.

I. Introduction

This paper is concerned with the determination of the
helix—coil stability constants of L-tryptophan in water and
is a continuation of the series of papers®'® in which the
conformational preferences of the naturally occurring am-
ino acids in water have been investigated by use of the
“host—guest” technique. In this technique, a water-soluble,
a-helical host homopolymer with nonionizable side chains
is selected, and various amounts of a guest residue are
incorporated into it to form random copolymers. By
studying the thermally induced helix—coil transitions in
these copolymers, it is possible to calculate the Zimm-
Bragg® helix—coil parameters o and s for the guest residues
from an examination of their influence on the helix—coil
transition properties of the host homopolymer. L-Tryp-
tophan residues are incorporated into copolymers with an
N5-(3-hydroxypropyl)-L-glutamine host, and the thermally
induced helix—coil transitions in these copolymers in water
are studied.

Although no experimental determination of the helix-
coil stability constants for L-tryptophan in aqueous solu-
tion has been reported, several studies on the relative
preference of L-tryptophan residues for helix and coil
conformations have been carried out. Poly(L-tryptophan)
has been investigated in organic solvents,?'2% and both
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block and random copolymers of tryptophan and amino
acids with ionized as well as nonionized side chains have
been studied in water®32 and in organic solvents,?2?3.26-2832
The results of the present study indicate that, in water,
L-tryptophan has a pronounced ability to promote helix—
coil boundaries at all temperatures and that it can either
enhance or reduce helix growth, depending on the tem-
perature.

The synthesis of water-soluble random copolymers of
L-tryptophan with N°-(3-hydroxypropyl)-L-glutamine is
described in section II, and the experimental characteri-
zation of these copolymers and their melting behavior in
aqueous solution are presented in section III. Finally, in
section IV, the data are analyzed by means of an appro-
priate form of the theory® to determine the helix—coil
stability parameters of L-tryptophan in water. The theory
is based on evidence®®®* that short-range interactions
dominate in determining the local conformation of a po-
lypeptide or protein. The parameters for L-tryptophan are
compared with empirical observations on the behavior of
this residue in proteins and with a theoretical analysis of
these quantities.

II. Experimental Section
A. Preparation and Characterization of the Copolymers.
The synthesis of the copolymers was achieved by first co-
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